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MOMENT AND BV-FUNCTIONS ON COMMUTATIVE SEMIGROUPS

BY

P. H. MASERICK

ABSTRACT.   A general notion of variation of functions on an arbitrary commu-

tative semigroup with identity is introduced.   The concept includes Hausdorff's

for the additive semigroup of nonnegative integers as well as the more recent

notions introduced for semilatticcs.    ^n abstract moment problem is formulated

and solved.

1.   Introduction.    The concept of functions of bounded variation on a linearly

ordered set has been generalized to a distributive lattice [l] and more recently to

a semilattice (cf. [4], [6] and [7]).   Here, using different techniques, we further

extend this notion to commutative semigroups with identity and show that the BV-

functions characterize the "abstract moment sequences" or what we call moment

functions.

Let S be a commutative semigroup with identity  /.    A nontrivial homomorphism

which maps  S into the multiplicative semigroup of nonnegative real numbers not

greater than 1   will be called an exponential.   We will denote the set of all ex-

ponentials on  S by  exp {S).   Equipped with the topology of simple convergence,

exp(S) is a compact Hausdorff space.    We now formulate an abstract moment prob-

lem.    Given a real-valued function  / on  S, when does there exist a regular Borel

measure  p, on  exp (5) suchthat f{x)=J      ._. e {x) dpAe)  for all  x £ S?   The

Stone-Weierstrass theorem implies the uniqueness of the representing measure

(cf. [3]), when it exists.   Thus using the terminology of [9], the abstract moment

problem is completely determined.   Those functions on  S which admit representing

measures will be called moment functions.

Let  e  be an exponential on the additive semigroup  N of nonnegative integers.

Then  e   is a map of the form  tz—> tn  where  0 < / <   1   and  0=1.   Thus  exp(N)

is homeomorphic with the closed interval  [0,  l].   Hence if S = N, the abstract

moment problem reduces to the already solved little moment problem of Hausdorff

and a real-valued function on  N  is a moment function if and only if it is a moment

sequence in the classical sense (cf. [10, p.  100]).
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Our main result is then that the moment functions and BV-functions coincide

(Theorem 4.1). Principal results contained in [4], [6] and [7] on BV-functions on

semilattices follow in a new way (§5). Theorem 4.1 also provides a new proof of

Hausdorff's characterization of a moment sequence.

2.   Preliminary.   Unless otherwise stated  S will denote a commutative multi-

plicative semigroup with identity   /.    For each   x £ S we will set x    - I.    The

translate function  /    of a real-valued function / on  S is defined in the usual way

as  /   (y) = fixy)  fot all x, y £ S.   Successive differences of / can be defined in-

ductively by

A0/(o) = /(o)    and    \f(-,x1,...,xr) = Ari_Af-fxJio;x1,...,xn_l).

Thus  A   / is a function of one variable with increments x ,,•••, x  .    Equivalent72' 1 72 n

formulations of  A     are as follows.
72

72 /       k \

(i)   An/(*; *!,..., *„) = /(*)+ £(-D*       Z      f(*Uxi
k=i h<'"<ik   \  7 = 1   '/

(¡i) Ajix; xv...,Xn) = An_ ¿ix; x ^ ■ ■ ■ , xn_ {) - A^ fixx¿ xp • • ■ , *,,_,).

We note that the nth difference of / is independent of the order of its increments.

At times it will be convenient to write  A   / ix: x ,, • ■ ■ , x )  as  A   fix: \x . \).   Also
72 ' ' 1' ' 72' 72 ' '    '      ;

observe that  A   /   (y; x ,, • • • , x,) = A   fixy: x,, ■ ■ • , x  ).    A real-valued function
n'x y '     1 k nl     J       \ 72

/ on S will be called completely monotonie if    A   fix; \x  \) >  0 for all choices

of x and  \x . \.
1

Since the abstract moment problem f (x) = f     ,ç. e (x) dpAe)  is completely de-

termined, the vector space  E    (5)  of moment functions is isomorphic to the Banach

algebra of all regular Borel measures on  exp(S), the isomorphism being the map

f—, p  .   Thus   E    iS)  is a Banach lattice with positive cone  C    iS), the class of

completely monotonie functions on  S (cf. [3]).   Hence  / is a moment function if

and only if it is the difference of two completely monotonie functions.   If / is a

moment function we will denote its representing measure by p..   An important

difference formula which will be referred to without reference is

(iii) A fix; x.,--- ,x.) = f e Íx)[tt.il - eix ))] dp le),
n' 1 k       Jexp(S) I } '

In referring to a Banach lattice (including the reals   R), we use  V   and A  to

denote the lattice operation of join and meet; |/|   to denote the variation / V (-/);

and /+ (/~)  to denote the positive (negative) variation / V 0  ((-/) + ).   To avoid

confusion we will use  [a]     to denote the absolute value of a real number a.    Fi-

nally we establish the convention that  0=1.
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3.   The variation of functions in   E    {S).    For each  x £ S we define the real-

valued function x on  exp {S) by x{e) = e{x)  for all  e £ exp(5).    Finite linear com-

binations  2.. a.x. will then be referred   to as polynomials.    Note that  {xy)" = xy

fot all x, y £ S, so that the polynomials form an algebra.   The binomial theorem

implies that  8{n, x) = {{" )x {l-x)n ~m\ m = 0,  1, • ■ • , n\  is a partition of unity.

It follows that the collection  77.(1(72., x .)  of all termwise products of the finite
a 111 r

collection {Q(t2., x  )\  of partitions is again a partition of unity.   Such a partition

we will call a binomial partition of order \n .\  (or of order 72  if  n. = n  for all  /') in

k  entries.    The partition  TT.     , U.(n ., x.) is then the set
r 7 = 1/7

'V*
1

ien.il   )
1       77,    Í

where   /     = {0, 1, • • • , n . \ and  77. (/    )  is the set of all maps   z | ; —> z . in this prod
<; 7 ;       77 y 1   ' J

uct space.   A subset of a partition will be called a subpartition.

Let  X   C S  such that for each x £ S there exists a finite subset  \x     ■ ■ ■ , x A

C X' with the property that  n.x . = x.    Then  X    is called a generator set for  S.

Clearly S  is always a generator set for itself.   Throughout the paper it will be

assumed that  X   is a generator set for S.

Lemmas 3.1 and 3.2 show that there are "enough" binomial partitions of unity

to determine the variation of a measure on  exp {S).

Lemma 3.1.    Let   K    and  K? be disjoint compact subsets of exp(S).   There

exist disjoint  open sets   G,   and G,  containing   K.  and  K? respectively and a

finite subset  \x     ■ • -, x A  of X   such that for each  e (0 < e < 1) and all sufficient-

ly large  n., one can find a subpartition Qn  of nA[{n., x .) with the property that

'5L\p\ p£ 8A is larger than   l-e on  G.   and smaller than  e on  G .

Note that the order  Ît2.|  of the partition depends on the choice of e while the

entries of the partition and separating open sets do not.   Moreover the partition

found may be repetitious, i.e. the entries  x. may not all be distinct.

Proof of Lemma 3.1.    Let  e     e    eexp(5) suchthat  e    ^  e ?.   Since  X    is a

generator set, there exists x £ X    such that x{e  ) ¿ x{e  ).    Choose   8 > 0  such

that the intervals   ¡{8, e  ) = {x{e ) - 8, x{e ) + 8) iq = 1, 2)  are disjoint.   Set

Gliel, e2)= \e £ exp{S)\ |£(e)-;?(<? ,)| < 5/2! and  G 2ie y e ¡) = \e £ exp(i)|  \£{e)-

x{e)\ < 8/2\.   Clearly  G Ae     e A)  and  G?{e  , e  ) are disjoint open sets contain-

ing  e     and  e     respectively.   Denote the characteristic function of the interval

l{8, e  ) by  y.   Uniform continuity of  y on  l{8/2, e  ) U >/(<5/2, e  )  implies that

the sequence

S.W-E^X")''«-')"-
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of Bernstein polynomials converges uniformly to  y on this union [5, p. 6].   Thus

for sufficiently large  tz, the subpartition  {\ii/n) (") x !(l-*)" ~' \  can be made

arbitrarily close to   1   on   G .ie     e  ) and arbitrarily close to  0 on  G J\e  , e  ).

That is, we have proved the assertion for the special case where   K    and   K    ate

both singletons.   Moreover, for this special case, the required partition need only

have one entry.

Let  e    4 K  .   By compactness the collection  [ G? ie  , e )| e   £ K A  admits

a finite  subcovering  \GAe      e   . )| ;'= 1,2, •••, k\  of   K   .    For each  j  let  x

denote the entry in  X    of the partition found in the above paragraph for the pair

G Ae ,, e -.),  G-, ie ,, e,.).   The partition found is then  (j.(n.,x,   , .) and its
l       I       2/ 2      1      \2) r 7 1, 2;

corresponding subpartition  ti n(n ., x       .) has the property that

!>(1 -()l/k     on  Glieve2.)

r ( \< ( on  G2ie    , e 2)

for sufficiently large  ?z..   If we set  G, (V      KA =  I 1. G, (e ,, e0 .)  and  CJe.,  K AJ b J 112 ;112; 212

-   Uy G2(er e2.) then

!> 1— €    on  Gj(e ,, KA

<e on  G,(e,, K,)
2V   !» "2'

and hence

r 1\ 1 i< f on  G.(e   , K  )

4iP£[n,«v',,,)]\n,a>,-,4j>i( onC¡(CrK2);

that is we have proved the assertion for the case where either   K    or   K    is a

singleton.   The final assertion follows by using the compactness of  K     as well

as the last formula and repeating the above argument.

Lemma 3.2. Let Cl denote an arbitrary nonrepetitious binomial partition of

degree n with entries in X and E denote a Borel subset of exp (5). // p is a

regular signed measure on  exp (S) and  |p|   is the variation of p then

\p\iE) = sup  X       L Pdp\    .
»    ped   L   fc J

Proof. From the Hahn decomposition we can find a /^-positive subset A of

E  such that  B = E\A  is /„(-negative.    If Cl   is an arbitrary binomial partition then

|p|(F) = Z   fAPty-T.    L Pdp. > £   Ii Pdp]
pe8     A pe8      ° pea   L'fc J
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so that

p\iE)> sup £ \L pdp\
d    tea lE -id    pea

To reverse the inequality, we use regularity of p to approximate  A   and  B  from

within by compact subsets   K    and   K?.   Lemma 3-1 implies the existence of a

possibly repetitious partition  8 = Y\.8{n., x .) such that £       a LO. p dp]'    approx-

imates   |/j. | (E)  from below.   Moreover by taking the degree of 8  large enough we

can insure that  {'S. n .\ x . = x A is the same integer, say  tz, for each  / = 1, • ■ • , ¿.

A typical function in ('!  is of the form

(i) (il)il...i£k)iHl-Sl)ni~il ■■•(!-. \nk~lk

If 8 is repetitious, then by adding exponents of repetitious factors, (i) can be ex-

pressed so that no factor is duplicated.   If we  now group those functions in  Cl

whose corresponding factors have the same degree, then the set of sums of these

groups gives another partition  '.'.' of unity.   The identity

rT')-z{0- v + L=l\

implies that  Cl' is also a binomial partition.   Moreover  Cl'  is nonrepetitious and

of degree 72.   The assertion follows since

5LW z
ped' JEPäp]

Let  i\ j—>i. be a function in the product space  II. (/    ),   \x . \ a finite se-

quence in  S and / a real-valued function on  S.    We introduce the notation

A/({«.!, \x A, i)  to abbreviate

n,(;;Wiw<; f ' r X, ,     X   !

z. times.   If ?2. = 72  for each   i then we will
1 1

»k-'l "k

where each increment  x . appears

replace  St2.¡ by n.    Clearly the above difference does not depend on the order of

the sequence  [x .}.   Thus if  X is any finite subset of S then  A/(|«.|, X, i) is

well defined and the increments are not repetitious.   Note that if

piin.}, \x.\, z) = n;[(";)(*7Z;(l - i/''"*1']

and if p. is the representing measure for f £ E^iS)  then §2 (iii) implies

Afiln.Ùx.l n = feKp{S)pi\n.l\xj\, i)dfif.

For each f £ E    {S)  we define the total variation   ||/||   as the total variation
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||p, II   of the representing measure  p..   The following theorem follows easily from

Lemma 3.2.

Theorem 3.3.    Let f £ E    (S) and X denote an arbitrary finite subset of X .

Then

11/11=    sup   T^.[Afin,X,i)]A.
(72, X)

Recall that the variation   |/|, positive variation /+  and negative variation

/ ~ of /  in a vector lattice   E   ate defined by   \f \ = f V (- /), / + = / V (- /)  and

f~ = (-/)+.   Since the map /—> p, is a lattice isomorphism we must have   |/|(x) =

fx d\fi   |, (f*) ix) = / x dp.     and  (/    )ix) - / x dfi J.

Corollary 3.4.    // f £ E^iS)  then   |/|(x), / + (x)  and /~(x)  are given by

sup   Z [A/>. X'^*
(72,X)

where   * is either  A, + or -  respectively.

Proof.    Since the representing measure for the translate  /    of / £ E^'iS)  is

clearly x dp, and since  x  is nonnegative we must have   \f   | (y) = fy ix d\ p,\)

so that   |/ | (x) = J"xd\pL. \ = \f  \ (/) = ||/  ||.    To verify the formula with * = +  we

note that the binomial theorem implies

£. Afix,\x.\, z) = £ . ¡x U, [(")«y)í,'(l - ¿r1^!

=j* II,   £ (J)ij(l - ¿r-^dP-f =f-dpf = fix).

Thus the first assertion implies

/+(x) = M[/(x)+|/|(x)]

=   sup   Y..V2iAfin,X,i) + [Afin,X, i)]A)
(77,X)

=     SUp     £f [A/(n,  X,l)] + .

(72,X)

The assertion for  *= - follows from the assertion for * = +.

The formula for *= +  or -  allows us to express a function  j £ E    (5)  as the

difference f   — f    of two completely monotonie functions while the formula for

*= A  gives a method of computing the join and meet of any two functions in

E„iS).
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4.   Functions of bounded variation.    As in §3, we let  X denote an arbitrary

finite subset of a fixed generator set X . We define the total variation of an arbitrary

real-valued function / on  S by   ||/1| = sup.     X) £.[A/(t2, X, i )]   .   The consis-

tency of this definition for functions in  E   {S)  is then clear from Theorem 3-3-   If

we denote the set of all functions on  S which have finite variation by  BV(S) then

we may state our main result as follows.

Theorem 4.1.   BV {S) = E^ (S).

From Theorem 3.3 we need only prove   BV(5) C E    {S).   The proof follows

after Lemma 4.5.

Lemma 4.2.    If \x A is a finite sequence in  X   and n.> m. then'        7 ' 11

£. [A/Ü72 .}, {*.}, i)]*> £. [Afi\m.\, \x.\, i)f

where  * is either A, + or -.

Proof.    All three assertions will be proved simultaneously since the only

property we use of * is the triangle inequality, \.a-b]   >  [a] -\b\  .   By induction,

it is sufficient to prove

£. [A/Ü72,,. - .,nl+l,...,nk\, \x.\, £)]*> £. [A/({«;.|, \Xj\, z)]*.

Moreover, since differencing does not depend on the order of the increments we

must have

i:{[AA{«y},{x.},¿)]j¿ 6 ny (/„.)}

= L{[A/ba(;)i,ua(j)i,z)r|zen;(/na{;))}

where  a is any permutation of the first  ¿  natural numbers.   Thus we may assume

I = k and will complete the proof by showing

A/x\
m

xk ' X V r

"l-H

= 0,1,.

0)     < £■
nk + 1

A/x, •k ' "i> , X

ni-7-i (nk + l)-ik U

h = 0, 1,- n, + 1

Since   (i) follows easily from the triangle inequality for ?2    = 0 we will assume

72, > 0  and show  A^> A^     ,  where
k p —     p +1
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vLto-ç;) A/X^...^;

(ii) •0-0

♦ad
A/

Y •   ■   • Y .  .   .        v

i ' _     '    i '        '   k

n i - i j

'*.. . vP + L

, x

"Ti-1" î

zell        fc = °.   1»"-.?5

»1-M

'/V_'    k

nk~P

72! -¿i (n/i + D-i'ij/J

The last two expressions in (ii) may be rewritten as

*-l

■fe-1

r/72fe+ 1\    /«I.V1

(

(iii)

p n

nk + l

Af\x\
21 . . . „0 + L

721-2!

A/    X
7 1 !fe

X k   >      * 1 ' '  '  '  '  X 1 ' '

72 ! - 2 1

■'k + i>-'k'

P + 1, • • ■ , n k + 1

'   "   '   Xfe'"   '_'   Xk)\

"k-P 'l

••'^'•••'^fc)

("fe + n-'i/J   I

Recall that

(v:KK":>) —•>.

2,    =  p   +   2, ••• , 77,    +   1

»»-1-

Thus after differencing once and using the triangle inequality  ([a-è]   > [a] -[¿]

the first expression (iii) is seen to be larger than or equal to

c;) '/e-I P+  1
A/fx'j1-p + 1ife    ' "i*,.'

721-2!

(iv)

■fe-1 ? + 1
A/x

!1 . . . vP + 2.
■k   ' Al

■^ 1 ' * " ' ' * 1

nk-(p

> xz,'

+ 1)   /J

+ 1) /-I
721-21 "&-(?■

That  A    > A for p <n,   now follows upon including the first expression in
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(iv) under the first summation in (ii) and replacing the last two expressions in

(ii) by the second formulas in both (iv) and (iii).   Thus we have  A      < A        , <

• • •   < A   .   Since  A       is the first summation in (i) we need only show that  An  is
—        0 ?2£ J o

no larger than the second summation.   But this fact follows easily by applying the

triangle inequality and formula 52 (ii) to the first two terms which occur in the

definition of  A
0

Remark.   If we let  n, = 0 then

Thus the lemma implies that expressions of the form

Y,Wn;\x\,i)T\i£iln)k\

increase with both k  and 72.    In particular, this means we can replace the suprema

sup,      v.  in Theorems 3.3 and 4.1 by  lim,      v„ where  {(72, X)}  is made into a1  (72,    A ) ' (71,   A )'

directed set by defining  {n, X) >  {m, X)  whenever n > m  and  X D Y.

The next lemma shows how duplicate entries can be eliminated.

Lemma 4.3.    Let \x ,| / = 1, • • • , (¿- 1)S C S,   x, = x

(¿- 2) and m.

,   m . = n . for  i = 1, 2,
7        7 '      '

l = nk + 72,.    Then for every real-valued function f on S

a) Lp/u*,.}, [*.i, i)]A\i = n(/„.)[ =rj[A/(im.}, i*.i, m*

Consequently,

7=1

k-1

£ n (/ )
777 y    l

7=1 '

(ii)    sup Y,i IM«, X, z)]A =     sup      £. [A/(t2, íx;S, ¡zi,z)]^   for X, |xy| C X'.

(n,\Xj\)
(n,X)

Proof. The equality in (i) is established by grouping and summing all differ-

ences on the left whose increment x, = x has the same number of repetitions

and then applying the identity

■ + q

'l+'
/ =/

As in §3, we define   |/|(x) = ||/J.

Lemma 4.4.    If x £ S, and y £ X' then A, |/| (x; y) >  0.

Proof.    Let  x , x     • ■ ■ , x, £ X'  and for notational convenience set y = x

x. = ?2  for  / = 1, 2, and  72,     . = 1.   Then from Lemma 4.2 we have
k + 1
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Z¡lA/x02,ix7!, «)]*| ,-e(/n)*+>

>Z\WßnA,\xlt)]A*        1

k + l

e n <o
7=1

•Ep, A/x[*y,;*1.---.*1,--«,*j ' x¿' *fc+l

A/***+i (xy7; xi'--'i_xi'- • • ' X^A^A

n -i !

e a.)*

e(/.

If we drop the first term to the right of equality we get

D[A/>; \x\, t)]A\ i e(//+M> ZttNJn, \x], i)]A\ ieiln)kl

It now follows from Lemmas 4.2 and 4.3 that  ||/  || >  \\f    ||   and the proof is com-

plete.

Lemma 4.5.   // ||/|| < o. and x £ X' then \f - fx\ = \f \ - \fj.

Proof.   Since  [A(/+ g)xin, X, i)]A < [\fxin, X, i)]A + lAgxin, X, i)]A, we

see that   |°|   satisfies the triangle inequality.   Thus   \f -f | > \f \ - \f |. To re-

verse this inequality we note that Lemma 4.4 implies   ||/   || < °°  so that   \\f - f \\ <

11/11 + 11/  II < °°.   Let  e > 0 and y £ S be arbitrarily chosen.   From Lemma 4.2, we

can find x     x x, £ 5  and 72  such that

0)

and

(ii)

l/-/J(>)< Zl[A(/-/x)yU Uyl, É-)]A| i £iln)k\ + c/2

l/J(y)< Zi[A/xy(72,!x.i,z)]'4! ¿e(/„)*!+ f/2.

For convenience set x = x. From the definition of difference given in 52

the summation in (i) can be rewritten as

|A

(iii)

\    '/L \ ,7-7! 77-77, /J

where all three summations range over  z e (/ )   .   If we let  T2. =  72  for 7 = 1, • • • ,

k and  ?2,        =1  then the first two terms of (iii) can be grouped and expressed as
k + 1

fe + 1

£   [A/y({„.}, {x.}, ¿)]A   ze fi (/M.)

7 = 1
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Since Lemma 4.2 implies this latter expression is dominated by

Zi[A/y(72,ix7.|,z)]A|2£(/n)^M

we apply (ii) to get

1/ - fx\iy) - i/2 < £ Ufyin, \x.\, i)]A\ i £ iln)k + 1 \ - \fjiy) + e/2

<l/|(y)-|/J(yW2

and the proof is complete.

Lemma 4.6.    // / is a real-valued function on S  such that  A   fix; x

>  0 whenever x.£ X    then f is completely monotonie.

Lemma 4.6 can of course be sharpened by deriving a specific formula for the

general difference.   For example if S = (/V, +)  and  X   = \l\ then the following

formula can easily be checked by induction:

V°!»i.-.-*>-Effc/ilt...^°;i.-.i)l^n/a./j.
For general  S we find it more convenient to argue analytically as follows.

Proof of Lemma 4.6.    Let  C (S) denote the set of all functions  / which satis-

fy the above property.   Then  C(S) is a convex cone which contains   C^iS)  and is

closed in the topology of pointwise convergence.   Since  0 < A   /(ll.(x.) ;; x   )

for x  , • • • , x     • • • , x   £ X' implies  f (ll Ax .)*>) > /[(fl.(x .)'')x,], it follows
Ze 72. i • J. I • ^       ^

inductively that  fiUAx.) ') >  (TI. (x .) ;      ')   so that  A   f(x; y)>  0  for all  x, y £

5.    Thus the set  B = \f € C (S)\ f (1) = ll  is a base for  C (S).   Note that  B  is com-

pact and convex.   An easy computation shows that / and / — /    are in  C (S) when-

ever x £ X .    Thus if / is an extreme point of  B we must have a/ = /    for some non-

negative   a and all x£ X .   Evaluation at  / implies  a = fix)  so that  fix)fiy) =

fixy)  fot all x, y £ X'.    Since  X   is a generator set for S we see that the exponen-

tials on  S contain the extreme points of  B.    However the exponentials are in

C^iS), so that the Kreïri-Milman theorem  implies   ß  and hence  C (S) is contained

in  C   iS).

Proof of Theorem 4.1.    As mentioned earlier we need only show  BV(S) C

EjS).    Let  xeX'  and observe that   |/|(y)>  l\[Afy(I, \x\, i)]A\ i£lA =

ÍA0fy(x)]A +. [Alfy(I; x)]A >  \J(y)]A.   Thus if we define  / + -Ji(|/| +/)   and

/-=, (-/)+ for all f£ BV(5), then  AQ/ + = / + >  0.   Since j = f+ - f we need only

show that / + £ C^iS) whenever / £ BV(5).   We make the inductive assumption

that  A   / +(o; x,, • • • , x  ) >  0 for / £ BV(5) and x . £ X'.    For x      , £ X', Lemma
72' '        1 72     — ' 7 72+1

4.5 implies
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A72+i/+(°; «i.--- .%+i> = AJ/+ - V\nJ^*i> •••' *J

But if / £ BV(S) then so does / from Lemma 4.4 and hence Lemma 4.5 im-
X" + 1

plies  (/- / )e BV(S).   Therefore the inductive assumption and Lemma 4.6
x72  + 1

shows   A       ,/ + >0or/+£C    (S).
72   + 1 ' — ' oo

Remark.    If we take  S = X    in Lemma 4.6 then we see that   \f - f | = \f | — \f |

for / £ BV(S).   Moreover the proof of Theorem 4.1 implies  (/-/)    =/"—(/)

for /£ BV(5) and   \f \ > (/)A  for all /.

5.   Applications to a semilattice.    Throughout §5, S will be a commutative

idempotent semigroup (semilattice) with identity.   As before, (/.)    will be the set

of all zero-one valued functions on the first  k natural numbers and for each  r£

UAk we will set  F = Sfe=1 rij).    For /|S-»R,   [x . | / = 1, 2, • • • , k\ C 5 and

o7T£ÜAk we define  L (¡x . |, a)f = Xf ^ a(- l)r ~^fiU Ax )T u)).   The total varia-

tion u/HI   of / has been defined by Newman [7] as   sup<    > S    [L ([x . i, a) f]   .

Theorem 5.1.    // / is a real-valued function on  S then  |||/ |||   and ||/ ||  are

both equal to

^[Mj.-^MP-(i)
Proof.    From   §2,

Akfix;xv...,xk)=  ¿    i-ir   Z   /(*• n/-)"0')-
772=0 5 = 772

Thus

L(ix,.uv =ïT(-i>* z /[( n *)( n *A1
7_*=m    LV(/)=i    /V0')>CT0'>    /J772 = 0

(   II     *j> K'cr<,)=oY
V(;)=l /

Equality of   |||/ |||   and (i) is therefore established.   The following two formulas

easily follow since every element of S  is idempotent.

(ii) àjix.y; xv- •., x.,- •., xn) = 0,

(iii) An + 1/U; xlt. ■ • , Xn, xj = A/x; x,, • • • , *„)•
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From (ii) we see that

ny(* Wn; up1'; x,,-..,x,,..., xk,..., x\ = o

unless   ¿.is   0 or n for all  /'.    It follows from (iii) that

Zi[A/0z, \x.\, z)]A| 2 £ {lf\=  Z ¡[A/Ü, \x.\, i))A\ z £ (//}.

Since this latter summation is nothing more than

Ç  \\--J n   X];\X]\oi,) = o\)\A,
L v^(;)=i '-

Lemma 4.3 (ii) implies (i) agrees with   ||°||.

Remarks, (a) The work of §4 shows that  supt     i  may be replaced by  sup„

where  X is any finite subset of distinct elements of an arbitrary but fixed genera-

tor set  X .   Moreover  sup.,  may be further replaced by  lim,,.

(b)   If S  is a linearly ordered set and  xy  is defined by x A y  then  {S, A ) is

a semilattice.   For this case  A, /(x;x>'-,x,) = A/(x;xV  •••  V x, )  so that

a typical term of the summation in (i) looks like

r     / via
(iv) ÏAJÎ    A      Uy);       V     U,))]'

L       W(/)=l o-(y) = o /J

Now if x . < x. for some  /, / with aij) = 1  and oil) = 0 then A a,- -, _ , (*•) <

Vcr f'V     o'*')  so tnat ^v^ ^s zero-   Without loss of generality we may assume

xl < ■■■  S xk-   Then (i) reduces to  sup jx. ¡(2* " ] [/(x   + ,)-/(x .)]A + [/"(x,)]A i

which the reader will recognize as the classical definition of total variation of a

function on a linearly ordered set.

A formally different notion of total variation of functions on a semilattice was

introduced in [4].   However, the BV-functions of [4] were seen to be the functions

in  E    {S)  and the total variation in that sense of such a function was also seen
DO

to be f ,. e (o) d\p, |. Thus both of these notions must be equivalent. If S is a

distributive lattice with A as its semigroup operation then the results of [4] also

show that Birkhoff's notion [l, p. 83] of total variation of valuations agrees with

that introduced here.

6.   Applications to moment sequences.   Since a generator set for  {N, +)  is

{l}, Theorem 4.1 offers a new proof of the following classical result of Hausdorff

(cf. [10, p.  103]).

Corollary 6. 1.    A sequence  f\ N —> R   is a moment sequence if and only if



74 P. H. MASERICK

M 11/11= sup £Y")[AB_/(/;l,...,l)^<00.
72 \/ /

Of course Theorem 4.1 gives an immediate and obvious generalization to

Corollary 6.1 for the case where  5  is a product of 4-copies of N.    In this event

S has   k generators.

Let  R + denote the additive semigroup of nonnegative real numbers.   It is

interesting to note that the total variation of a function f £ BV(R +) is also given

by (i).   To see this we note that  exp (N) - exp (R +).   Thus every moment sequence

/ has a unique extension to a real-valued function  /   on  R + with the same repre-

senting measure  p. ,.   The claim follows since   ||/|| = \\p , || = ||/ ||.   However it is

not true that a function /on  R + is in   BV (R +) whenever the supremum in (i) is

finite.   Indeed that supremum only reflects values of / in the range of N and a

moment sequence has only one extension to a function in   BV (R +).

7.   The lattice algebra BV(i').   Other properties of  BV(5) (S a commutative

semigroup with identity) can easily be derived from the results of [3] which we

feel should be mentioned here.   First of all the convolution p.* u of two regular

Borel measures  p and v on the compact semigroup  exp (S) can be defined in the

usual way.   The following two propositions follow easily from [3].

Proposition 6.1.    // /, g £ BV(S) then p (* p   = p ,   .    In particular  BV (S) is

a Banach algebra under pointwise multiplication.

Proposition 6.2.    BV(S) is a Banach lattice whose positive cone is the cone

of completely monotonie functions.

Remark.    Thus /£ BV(S) if and only if / is the difference of two completely

monotonie functions.   Since the completely monotonie functions on a linearly

ordered set (regarding this set as a semilattice under   A ) are the nonnegative

nondecreasing functions, we get the well-known decomposition of the classical

BV-functions into monotonie functions.
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