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MOMENT AND BV-FUNCTIONS ON COMMUTATIVE SEMIGROUPS

BY

P. H. MASERICK

ABSTRACT. A general notion of variation of functions on an arbitrary commu-
tative semigroup with identity is introduced. The concept includes Hausdorff’s
for the additive semigroup of nonnegative integers as well as the more recent
notions introduced for semilattices. An abstract moment problem is formulated

and solved.

1. Introduction. The concept of functions of bounded variation on a linearly
ordered set has been generalized to a distributive lattice [1] and more recently to
a semilattice (cf. [4], [6] and [7]). Here, using different techniques, we further
extend this notion to commutative semigroups with identity and show that the BV-

’

functions characterize the ‘‘abstract moment sequences’’ or what we call moment
functions.

Let § be a commutative semigroup with identity I. A nontrivial homomorphism
which maps § into the multiplicative semigroup of nonnegative real numbers not
greater than 1 will be called an exponential. We will denote the set of all ex-
ponentials on § by exp(S). Equipped with the topology of simple convergence,
exp(S) is a compact Hausdorff space. We now formulate an abstract moment prob-
lem. Given a real-valued function f on §, when does there exist a regular Borel
measure p, on exp(S) such that f(x) = fexp ) e(x)a’#/(e) for all x€ §? The
Stone-Weierstrass theorem implies the uniqueness of the representing measure
(cf. [3]), when it exists. Thus using the terminology of [9], the abstract moment
problem is completely determined. Those functions on § which admit representing
measures will be called moment functions.

Let e be an exponential on the additive semigroup N of nonnegative integers.
Then e is a map of the form n—t" where 0< ¢t < 1 and 0°= 1. Thus exp (N)
is homeomorphic with the closed interval [0, 1]. Hence if S = N, the abstract
moment problem reduces to the already solved little moment problem of Hausdorff
and a real-valued function on N is a moment function if and only if it is a moment

sequence in the classical sense (cf. [10, p. 100]).
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Our main result is then that the moment functions and BV-functions coincide
(Theorem 4.1). Principal results contained in [4], [6] and [7] on BV-functions on
semilattices follow in a new way (S$5). Theorem 4.1 also provides a new proof of

Hausdorff’s characterization of a moment sequence.

2. Preliminary. Unless otherwise stated S will denote a commutative multi-
plicative semigroup with identity I. For each x € § we will set x%-I. The
translate function /_ of a real-valued function / on § is defined in the usual way
as f_ (y) = f(xy) for all x, y€ S. Successive differences of { can be defined in-

ductively by

A f(©) = (o) and An/(o;xl,---,xn)zA _1(/—/xn)(0;x1,---,x ).

n n-1

Thus An/ is a function of one variable with increments x -, x . Equivalent

b
formulations of An are as follows.

n k
D A O x ,eee,x )= flx) + Y 1)k > /<x Hxij>,

k=1 i1<eee<iy j=1

(i1) An[(x; X5eee, xn) = An_lf(x; X sty xn_l) - An_lf(xxn; Xyttt xn—l)’

We note that the nth difference of [ is independent of the order of its increments.
p e x,) as A f(x {x]. . Also
observe that A f (y;x,, -++, x,) = A flxy;x, -+, x ). Areal-valued function

At times it will be convenient to write A_/[ (x; x

f on S will be called completely monotonic if A [(x; {xj }) > 0 for all choices
of x and {x]. }.

Since the abstract moment problem [(x) = fexp (5)€ (x) dp/(e) is completely de-
termined, the vector space E_ (S) of moment functions is isomorphic to the Banach
algebra of all regular Borel measures on exp(S), the isomorphism being the map
[—p;. Thus E_ () is a Banach lattice with positive cone C_ (S), the class of
completely monotonic functions on S (cf. [3]). Hence  is a moment function if
and only if it is the difference of two completely monotonic functions. If [ is a
moment function we will denote its representing measure by e An important

difference formula which will be referred to without reference is

(iii) An/(";"v'“”‘k):f

exp

(S)e(x)[ﬂj(l = elx Ndp (e).

In referring to a Banach lattice (including the reals R), we use V and A to
denote the lattice operation of join and meet; || to denote the variation f V (-/);
and {* (/) to denote the positive (negative) variation / V 0 ((-f)*). To avoid

confusion we will use [a]A to denote the absolute value of a real number a. Fi-

nally we establish the convention that 0%- 1.
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3. The variation of functions in E_(S). For each x € S we define the real-
valued function & on exp(S) by x(e) = e(x) for all e € exp(S). Finite linear com-
binations Zi ai’?i will then be referred to as polynomials. Note that (xy)~ = Xy
for all x, y € §, so that the polynomials form an algebra. The binomial theorem
implies that {(n, x) = {(fn)a? (1-x)*~™|m=0,1, ---, n} is a partition of unity.
It follows that the collection ”j@(nj’ x].) of all termwise products of the finite
collection {@(n]., x].)} of partitions is again a partition of unity. Such a partition
we will call a binomial partition of order {n].} (or of order n if n;=n for all j) in

k entries. The partition Hf_ 1@(71]., xj) is then the set

n‘ A .
377.( ’>(f.)lj(l—>?.)nj_zj ienl .)i
i\; )i i itnj
j

where I = fo, 1, ---, n].i and 77].(1",) is the set of all maps 17| ]'—»l']. in this prod-
j j
uct space. A subset of a partition will be called a subpartition.

Let X' CS such that for each x € S there exists a finite subset {xl, s, xk}
C X' with the property that mx. =% Then X' is called a generator set for S.
Clearly S is always a generator set for itself. Throughout the paper it will be
assumed that X' is a generator set for S.

Lemmas 3.1 and 3.2 show that there are ‘‘enough’’ binomial partitions of unity

to determine the variation of a measure on exp(S).

Lemma 3.1. Let K, and K, be disjoint compact subsets of exp(S). There
exist disjoint open sets G, and G, containing K, and K, respectively and a
[inite subset {x , -+, x,} of X' such that for each ¢ (0 <e<1) and all sufficient-
ly large n;, one can [ind a subpartition @0 of ﬂj@(n]., x].) with the property that
Siplpe @0§ is larger than 1-¢ on G| and smaller than ¢ on G,

Note that the order {n].} of the partition depends on the choice of ¢ while the
entries of the partition and separating open sets do not. Moreover the partition
found may be repetitious, i.e. the entries X may not all be distinct.

Proof of Lemma 3.1. Let e, e, €exp(S) such that e £ e,. Since X' is a
generator set, there exists x € X' such that 5 (e ) # (e ). Choose & >0 such
that the intervals 1(3, e ) = (a?(eq)—& £le )+ 8) (g =1, 2) are disjoint. Set
Gl(el, ez) = {e € exp (5)| |)?(e)—9?(el)| < 8/2} and Gz(e y ez) ={e € exp(§)] |<(e)-
:?(ez)] < 8/2}. Clearly Gl(e y ez) and Gz(e ¥ ez) are disjoint open sets contain-
ing e, and e, respectively. Denote the characteristic function of the interval
105, el) by x. Uniform continuity of y on 1(8/2, el) U I(8/2, ez) implies that

the sequence

8,00 = Z,X(%)(?) ti(1 - )"t
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of Bernstein polynomials converges uniformly to ¥ on this union [5, p. 6. Thus
for sufficiently large », the subpartition {x(i/n) (7) £1(1-%)" %} can be made
arbitrarily close to 1 on G, (e, e,) and arbitrarily close to 0 on G,(e, e,).
That is, we have proved the assertion for the special case where K, and K, are
both singletons. Moreover, for this special case, the required partition need only
have one entry.

Let e ¢ K,. By compactness the collection {G, (e

” ez)l e,€ KZ; admits

a finite subcovering {G, (e, ezj)l j=1,2,---, k} of K,. For each j let x 2
denote the entry in X' of the partition found in the above paragraph for the pair
Gl(el, ezj)' Gz(el, ezj). The partition found is then @(n}., X 2;‘) and its

corresponding subpartition ﬁo(n]., Xy 27.) has the property that

> (1 —e)l/k on Gl(el’er)

Siplpe @O(n]., "1,21')}

<e on Gz(elj,ez)

for sufficiently large n.. If we set G, (e, K,) = ﬂj G, (e, ezj) and G,(e , K))
= U]. Gz(el, ezl.) then

>1-¢ on Gl(el, Kz)

Z{p| p € ﬂfao(nj’xl,Zj)§{

<€ on Gz(el’Kz)
and hence

<e on GI(eI,KZ)

Z{PI pe [Hj G(",-’ ”1,2)]\“;’30("1" "1.21')}

>1—-€¢ on Gz(el, KZ);

that is we have proved the assertion for the case where either K, or K, isa
singleton. The final assertion follows by using the compactness of K, as well

as the last formula and repeating the above argument.

Lemma 3.2 Let {{ denote an arbitrary nonrepetitious binomial partition of
degree n with entries in X' and E denote a Borel subset of exp(S). If p is a

regular signed measure on exp(S) and || is the variation of p then

A
I (E) = sup 2 l, pdp
1 l @ pet [fE ]

Proof. From the Hahn decomposition we can find a p-positive subset A of

E such that B = E\A is p-negative. If @ is an arbitrary binomial partition then

A
I#KEFEZR fAPd#—Eé fBPd#ZEf [fEﬁd#]
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so that

A
|ul(E) > sup E@UE Pd#] :

To revetse the inequality, we use regularity of pu to approximate A and B from
within by compact subsets K, and K,. Lemma 3.1 implies the existence of a
possibly repetitious partition ( = I, @(n]., x,) such that Ep cqlle pdul? approx-
imates |u|(E) from below. Moreover by taking the degree of (I large enough we
can insure that {2 n].| X = xl} is the same integer, say n, for each [ =1, .-, k.
A typical function in { is of the form
@ ”1) ”k>(A YU (5 - g g1 (15 yk—k

<i1 ---<ik )0 e ()R -5 l—xk) .
Iif G is repetitious, then by adding exponents of repetitious factors, (i) can be ex-
pressed so that no factor is duplicated. If we now group those functions in a
whose corresponding factors have the same degree, then the set of sums of these

groups gives another partition ' of unity. The identity

(’”1+'l“+mﬂ):z{<711>...<7:> 11+°"+lp=l}

implies that (' is also a binomial partition. Moreover (I’ is nonrepetitious and

of degree n. The assertion follows since
A A
5] Bl
peaUE K- 2 fEP p
Let 1| j—1; be a function in the product space l_l]. (1,), {x].} a finite se-
i

quence in § and [ a real-valued function on §. We introduce the notation
A/({nj 5, {xj }, 1) to abbreviate

n ij
Hi<i'>Af<Hi(xf) B xpexy, e ’xk>
i ~————— ~——————
np—i] nE—1ik
where each increment X, appears n.—i, times. If n.=n for each j then we will

replace {n].ﬁ by n Clearly the above difference does not depend on the order of

the sequence {x}.%. Thus if X is any finite subset of S then A/({n].}, X, i) is

well defined and the increments are not repetitious. Note that if
AN ] ~ 1,’ _ ~ nj—l]'
plin 1, 1x 3, ) = T1, [( l.]_)(xj) (1-%) ]

and if > is the representing measure for f€ E_(S) then §2 (iii) implies
M}t ) = [ 5, p0nd b ] Ddp

For each f€ E_(S) we define the total variation ||/ as the total variation
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of the representing measure pu,. The following theorem follows easily from
Ky p 8 By g
Lemma 3.2.

Theorem 3.3. Let f€ E_(S) and X denote an arbitrary finite subset of X'
Then
Il = sup X, [Afln, X, D14,

(n,X)

Recall that the variation |f|, positive variation {* and negative variation
{~ of { in a vector lattice E are defined by |f| =/V (-f), f*=/V (/) and
f~=(={)*. Since the map f— i, is a lattice isomorphism we must have If](x) =
f)?dly/], U ) =[x d,u; and (f Nx) = [£% dp/‘.
Corollary 3.4. If fe E_(S) then |[|(x), { *(x) and [~(x) are given by
sup Y [Af (n, X, I
(n,X)
where * is either A, + or — respectively.
Proof. Since the representing measure for the translate f_of fe E_(S) is
clearly J?a',uf and since ¥ is nonnegative we must have |f_|(y) = [y (£d| #/|)

so that |f|(x) = f’?dlﬂﬂ =1/ 1 = |/ |- To verify the formula with % = + we
note that the binomial theorem implies

Zi A/(x,{xj}, i) = Zi f:’c‘ I-I]. [(:)()?j)ii(l - f].)"—if]d#/
-J2 .10, [(ij)“f’ii(l "?f)n—i’]d"’

n

:fp? n][z <?>§]l(1 - J?j)"_l]dplzfn?dy/ = f(x).

=1
Thus the first assertion implies
1) = Bl + |f]()]
sup Zi %(Af(n, X, i)+ [A/(n, X, i)]A)

(n,X)

sup Zi (Afm, X, Y.

(n,X)

I

The assertion for *= - follows from the assertion for * = +.
The formula for * =+ or - allows us to express a function [€ E_(S) as the

difference /¥~ [~ of two completely monotonic functions while the formula for

*= A gives a method of computing the join and meet of any two functions in
E.,(S).
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4. Functions of bounded variation. As in §3, we let X denote an arbitrary
finite subset of a fixed generator set X'. We define the total variation of an arbitrary
real-valued function f on S by ||/| = SUp . x) 2. [Af( X, i)]1*. The consis-
tency of this definition for functions in E_(S) is then clear from Theorem 3.3. If
we denote the set of all functions on § which have finite variation by BV (S) then

we may state our main result as follows.
Theorem 4.1. BV (S)= E_(S).

From Theorem 3.3 we need only prove BV(S) C E_(S). The proof follows

after Lemma 4.5.
Lemma 4.2 If {xj} is a finite sequence in X' and n;>m. then
X, A/l 3, e 3, 01> 5, [Afm 3, e 3, D1
where * is either A, + or —.

Proof. All three assertions will be proved simultaneously since the only
property we use of * is the triangle inequality, [a-5]*> [a]*~[6]*. By induction,

it is sufficient to prove

) IR (R S FE PRI 1 1 L2 ) L DAV V(U A P ) o

Moreover, since differencing does not depend on the order of the increments we

must have
5 it o 00| ¢ T, 0, 0}
- E {0 gy b e O

‘e ni (lna(z’))}

where a is any permutation of the first k& natural numbers. Thus we may assume

[ = k and will complete the proof by showing

my 3 i ip ‘ *
Z <il>...<ik> A/écl ...xk ;xl,-..’xl,.-.,xk,..,,xk>] .

ni-ip np—ip
n, n, +1 i i *
(1) SZ ; e ; A/xl...xk;xl,...’xl,.-.’xk’...,xk>
1 k —_— S
n]—1i] (np+1)-ip

ik=0, l,o--,nk+l§.

Since (i) follows easily from the triangle inequality for #, = 0 we will assume

k

n, > 0 and show ApZ Ap+1 where
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ny]-iy np—ip
n n . *
.. 1 k [)
(ll) -< >...<p>[A,’<xll...xk ;xl,...,xl,...’xk’...»,xk>]
1 e — e —
ni—1y np—p
ny ny +1 i iy *
+Z: ; oo ; Afxl...xk; xl,...,xl’...’xk’...’xk
ny-i] (np+l)=ip

ik=p+1""’"k+1£'

The last two expressions in (ii) may be rewritten as

n n, N\[/"et 1 n, ; *
() oM CI - ]

ny-1] ng—p
n n, +1 . . *
1 k i1 ip
(iii) +Zg<z )...< ; )[Af(xl...xk; xl,.-.,xl,...’xk,...,xk>:|
1 k n)-i] (ng+1)—ip

ik=p+2,~--,nk+ 1{.
Recall that

"k+1> ("k ("k
<p+1 B p>= p+l> forp=01m -1

Thus after differencing once and using the triangle inequality ([a-5]%> [a]*-[4]%),

the first expression (iii) is seen to be larger than or equal to

‘n n n . sk
1 k—1 k i] 1,

<' )(z ><p+ 1>[A/<x1 AT R K Kt Ry

5 k-1 —_——

ny-i] np—(p+1)
v) .
n. n n .
1 k—1 k i
_<‘)...(‘ >( 1>[A/<xll...xz+2;xl,...’xl,-..’xk,...,xk .
21 lk—l P+ e — -——;—r——lf
n1—1] np—(p+1)

That Apz Ap+1 for p<n

p now follows upon including the first expression in
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(iv) under the first summation in (ii) and replacing the last two expressions in
(ii) by the second formulas in both (iv) and (iii). Thus we have Ank < Ank~1 <

- < AO. Since An is the first summation in (i) we need only show that AO is
no larger than the second summation. But this fact follows easily by applying the
triangle inequality and formula §2 (i1) to the first two terms which occur in the
definition of AO.

Remark. If we let n, = 0 then

-1
zEH(l )2

j=1

Zg[A/({n} {x} z)]* IEH(I )z Zg[A/({ni {x§ ¥

j=1

Thus the lemma implies that expressions of the form
pRILVCIRER R W RN (A

increase with both £ and n. In particular, this means we can replace the suprema
sup, ) in Theorems 3.3 and 4.1by lim, , where {(n, X)} is made into a
directed set by defining (n, X) > (m, X) whenever n> m and XD Y.

The next lemma shows how duplicate entries can be eliminated.

Lemma 4.3. Let {x]| j=1,---, (k=D}CS, Xp=x, . om.

i= for j=1, 2,
, (k=2) and m Then for every real-valued function  on S

k-1 " 1t "

k—1
i€ 1] (lmj)g-

j=1

() E;[A/({n el z)]AI i= n a ); Z%[A/({mjh tx 3, 14

Consequently,
(i) sup 2, [, X, ) = sup 2. [Af(n, ek A, N4 for X, pox,
(n,X) (n{ ,})

Proof. The equality in (i) is established by grouping and summing all differ-
ences on the left whose increment x, = x, | has the same number of repetitions

and then applying the identity

(7)) ()

As in §3, we define |/|(x) = I/ ,II-

l

Lemma 4.4. If x€S, and ye X' then A |f|(x; y)> O.

Proof. Let PV PYEE

x;=mn for j=1,2,---, %k and noo1= 1. Then from Lemma 4.2 we have

T XL € X" and for notational convenience set y = Xp oo
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2 A7 (o, b 3, D14 i€ (1 )Yy

k4l
2 Z;[Afx(fnj}, x4 NAie fI (l"‘)i
7

j=1
NIAf (- 4l k
=z H]_ ; /xxj’xl""’xl"”’xk""’xk’xkq-l IE(In) %
n—1ij n—ip
n i; A
Tox yeen * k
+Z§H,(i,)[A/xxk+1<"w"v Jx e, ,xk>] fel) f
7 n—ij] n—ip

If we drop the first term to the right of equality we get
A s e b, DAL £ €0 )Y > U, (o, b dy 04 £ € 0D,

It now follows from Lemmas 4.2 and 4.3 that ||/_|| > [/, || and the proof is com-
plete.

Lemma 4.5. If ||f|| <oco and x € X" then |f — [ | = |f| - If |-

Proof. Since [A(f+¢g), (n, X, A < (Af, (n X, N4+ [Ag, (n, X, )14, we
see that |o| satisfies the triangle inequality. Thus |/ —f|> /|- |f[- Tore-
verse this inequality we note that Lemma 4.4 implies ||/ _||< o so that ||/ -/ | <
I/l + I/l <eo. Let e>0 and y€ S be arbitrarily chosen. From Lemma 4.2, we

can find x|, x,, ++, x, €S and n such that

(i) [ =1,10) < ZHAG=7) (m b, iNA] i €U )*) + /2
and

(ii) 706) < ZAAf, o, bl D14 i e ()M + e/2.

For convenience set x = x, From the definition of difference given in §z

+1°
the summation in (i) can be rewritten as

A
Einf<:~>[A/y<Hf("f)lj;xl’ "”‘1""”‘k’-”""k”‘k+1>]
; L LI

n—1u} n—ik
(iid) A "
+ Zi [A/yxk+l(n; {X];, l)] - Zi [A/y"k+l(n, {x]}9 l)] s
where all three summations range over i € (In)k. If we let n.=mn for j=1,---,

k and 7,

= 1 then the first two terms of (iii) can be grouped and expressed as

k+1
ie ] (Inj)s.

j=1

1

> gwy(zn;, fe 1, A
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Since Lemma 4.2 implies this latter expression is dominated by

AN (o, b b, D14] i € 1 vy
we apply (ii) to get

/= 10) = /2 < TN (o, dx 3, OV i€ U DR - 17 10) + /2
<G =17, 1) + /2

and the proof is complete.

Lemma 4.6. If { is a real-valued [unction on S such that An/(x; Xyt x)

> 0 whenever X € X' then [ is completely monotonic.

Lemma 4.6 can of course be sharpened by deriving a specific formula for the
general difference. For example if S = (N, +) and X' = {1} then the following
formula can easily be checked by induction:

Ak/(o; nyeee ,nk) = Z{ k/11+ ik(O; ..., 1ie Hj(ln]-)}‘
For general S we find it more convenient to argue analytically as follows.

Proof of Lemma 4.6. Let C(S) denote the set of all functions [ which satis-
fy the above property. Then C(S) is a convex cone which contains C__ (S) and is
closed in the topology of pointwise convergence. Since 0 < A /(H (x ) 7 5 Xy)
for x|, v, Xy, c0e, x € X' implies /(H (x )') > /[(H (x. )J)xk] it follows
inductively that /(H (x )) > (ﬂ (x )’ 4 ’) so that A /(x y)> 0 forall x, y€
S. Thus the set B = {/6 C () f(l)_ 1} is a base for C(?) Note that B is com-
pact and convex. An easy computation shows that [ and f —/ are in C(§) when-
ever x € X'. Thus if f is an extreme point of B we must have af = /,, for some non-
negative a and all x € X'. Evaluation at I implies a = f(x) so that f(x)/(y) =
f(xy) for all x, y € X'. Since X' is a generator set for S we see that the exponen-
tials on § contain the extreme points of B. However the exponentials are in
C_.(8), so that the Kremn-Milman theorem implies B and hence C(S) is contained
in C_(S).

Proof of Theorem 4.1. As mentioned earlier we need only show BV (S) C
E_(S). Let x€ X' and observe that |f|(y) > Z{[S/ (1, ix} D14 iel =
[Aofy(x)]A +[A oSy s A > [[(IA. Thus if we defme [t= %(|/[ + /) and
f==(-f)* for all /E BV (S), then A f*=/*> 0. Since = {* — /7 we need only
show that [ * € C_ (S5) whenever f€ BV (S). We make the inductive assumption
that An/+(°; Xy, xn) > 0 for f€ BV(S) and %€ X'. For X1 € X', Lemma
4.5 implies
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An+lf+(o; e EA xn+1) = An[f+ - (/+)xn+1](o; Xpem o xn)
= An(/_/xn+l)+(o; Xypemo X ).

n

But if f€ BV(S) then so does /x ol from Lemma 4.4 and hence Lemma 4.5 im-
n
plies (f — /e 1) € BV(S). Therefore the inductive assumption and Lemma 4.6
n 4

shows A sft>00r [*e C ().

Remark. If we take S = X' in Lemma 4.6 then we see that |/~ [ |=|f]-|/|
for f€ BV(S). Moreover the proof of Theorem 4.1 implies (f - /x)i =/*- (/x)i
for f€ BV(S) and |f| > (/)4 for all /.

5. Applications to a semilattice. Throughout §5, S will be a commutative
idempotent semigroup (semilattice) with identity. As before, (Il)k will be the set
of all zero-one valued functions on the first & natural numbers and for each 7€
(1 )k we will set 7__2;: 7(7). For [|S—R, {x |7=1,2, , K} CS and
o, 7e(l )k we define L({x bof=2 1 'U/(H (x )7(’)) The total varia-
tion |||/||| of [ has been defmed by Newman [7] as supy, | 2 L ({x Lo 14,

Theorem 5.1. If f is a real-valued function on S then ||f|| and ||f| are
both equal to

i) sup Z[A ( II x, 0(]) 0)],4.
txi} 7 76)=1

Proof. From §2,

k
Ak/(x;xla"‘yxk)= Z (-nm Z /(x . nj(xj)a(’)).

m=0 G=m

Thus

L«x,-wffia(-”" z ’[(H ()

m=0 z w.m L\o()=1 > o)

k ( H *; 0'(]) 0)
o(j)=1

Equality of ||f]| and (i) is therefore established. The following two formulas

easily follow since every element of § is idempotent.

(i1) An/(x’.y;xl,--.,xj,...,xn)=0’

(iii) fGe; x4 ,xn,xn)zAn/(x;xl,-o-,xn).v

n+1
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From (ii) we see that

n i;
H]<Z)AI<H] (X]) 1;xl,...,xl,...,xk,...,xk>:0
i — —————

n—ij n—ip

unless i]. is 0 or n for all j. It follows from (iii) that

2 A/, fe 3, D14 i e U )R = 2AA, E DA i e ()R

Since this latter summation is nothing more than

> [Ak_&/< IT x;ix| o) = 03)]A’

o
o (j)=1

Lemma 4.3 (ii) implies (i) agrees with |o|.

Remarks. (a) The work of $4 shows that sup{xj} may be replaced by sup,
where X is any finite subset of distinct elements of an arbitrary but fixed genera-
tor set X'. Moreover sup, may be further replaced by lim,.

(b) If S is a linearly ordered set and xy is defined by x A y then (S5, A) is

a semilattice. For this case A, f(x; x %) = A [ Voo Vox,) so that

b
a typical term of the summation in (i) looks like

(iv) [A1/< A GV (x].)>]A.
o(j)=1 o(7)=0

Now if x:< % for some j, [ with 0(j) =1 and o(]) = 0 then Aa(;‘):l(xj) <
Vo) =o (x].) so that (iv) is zero. Without loss of generality we may assume
x, < +++ < x,. Then (i) reduces to Supy,. }{Zf z i [/(xj +l)—/‘(x].)]f‘* + [/(xl)]A }
which the reader will recognize as the classical definition of total variation of a
function on a linearly ordered set.

A formally different notion of total variation of functions on a semilattice was
introduced in [4]. However, the BV-functions of [4] were seen to be the functions
in E_ (S) and the total variation in that sense of such a function was also seen
tobe [ ge(°)d|u |. Thus both of these notions must be equivalent. If § is a
distributive lattice with A as its semigroup operation then the results of [4] also
show that Birkhoff’s notion [1, p- 83] of total variation of valuations agrees with

that introduced here.

6. Applications to moment seauences. Since a generator set for (N, +) is

{1}, Theorem 4.1 offers a new proof of the following classical result of Hausdorff

(cf. [10, p. 103]).

Corollary 6.1. A sequence f| N— R is a moment sequence if and only if
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(@) “/” = sup Z](;Z)[An_]f(l, 1,00+, 1)]A < o0,

Of course Theorem 4.1 gives an immediate and obvious generalization to
Corollary 6.1 for the case where S is a product of k-copies of N. In this event
§ has k generators.

Let R * denote the additive semigroup of nonnegative real numbers. It is
interesting to note that the total variation of a function f€ BV(R *) is also given
by (i). To see this we note that exp(N) = exp(R *). Thus every moment sequence
{ has a unique extension to a real-valued function / on R * with the same repre-
senting measure y . The claim follows since I = ||y/|| = |7 . However it is
not true that a function / on R* is in BV (R *) whenever the supremum in (i) is
finite. Indeed that supremum only reflects values of [ in the range of N and a

moment sequence has only one extension to a function in BV (R *).

7. The lattice algebra BV(S). Other properties of BV(S) (S a commutative
semigroup with identity) can easily be derived from the results of [3] which we
feel should be mentioned here. First of all the convolution p*v of two regular
Borel measures p and v on the compact semigroup exp (S) can be defined in the

usual way. The following two propositions follow easily from [3].

Proposition 6.1. If [, g € BV(S) then ¥ g = H In particular BV (S) is

/e
a Banach algebra under pointwise multiplication.
Proposition 6.2. BV (S) is a Banach lattice whose positive cone is the cone

of completely monotonic functions.

Remark. Thus fe BV(S) if and only if [ is the difference of two completely
monotonic functions. Since the completely monotonic functions on a linearly
ordered set (regarding this set as a semilattice under A) are the nonnegative
nondecreasing functions, we get the well-known decomposition of the classical

BV-functions into monotonic functions.
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